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The expanding process used for making the tuhes of
boilers tight and in other applications is idealized to form
a problem in the theory of plasticity. This problem is
solved in order to find out how far the factors taken into
account in this theery are adequate to explain the results

obtained in tests, mainly those reported in the companion -

paper of Grimison and Lee (19).* The pressure left be-
tween the tube and plate or seat, which gives it tightness
and contributes to its strength, is the principal object of
calculation. Its variations with the yield stresses of tube
and plate material, with degree of expanding, and with the
thickness of the plate, are obtained in graphical form.
Numerical comparison with tests is made for six joints,
with fair agreement in five, the theoretical values being
within 12 per cent. All are on the low side, and thisis to
be expected from the fact that the theory disregards strain-
hardening, stress in the direction of the tube axis, and
possible ditferences between expanding by a three-roller
tool and expanding by uniform pressure within the tube.

InTRODGCTION

F the end of a tube is inserted loozely into a hole in 2 plate

(Fiz. 1) and is then plastically expanded by internal pressure,

removal of the pressure leaves the tube bearing tightly against
the plate, and the result is called an expanded tube joint. This
process is used in the construction of water-tube boilers. The
joint must not only be tight against leakage but must have struc-
tural strength, to conwribute to the support of dead load and to
resist the stresses and strains of temperature changes. The
tightness against leakage will evidently depend upon the surface
conditions of the tube end and the plate hole, the uniformity of
the expandiny process, and the residual radial pressure left be-
tween tube and plate. The structural resistance to tension, tor-
sion, and bending depends upon the friction in the joint. This in

turn depends upon the surfaces and upon the residual radial pres--

sure, The discussion of this pressure is the principal object of
the prezent paper. One form of expanding tool, in which three
rolls are pressed awninst the inner tube surface and travel
around it, is illustrated in Fig. 2. Part 3 is a flaring roll to turn

over the end of the tube.
It will be seen that the expanded joint resembles the shrink fit,
or rather the expansion fit, where the slightly oversize tube would
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be chilled, inserted in the hole, and allowed to expand agninst the
plate by warming up. In the expanded jaint, the “oversize’ of .
the tube is produced by the internal forces after the tube has been
inserted. Whereas the shrink or expansion fit is normally such

i F1c. 1 Exraxpixe TusE PLaSTIeALLY BY INTERNAL PRESSURK b |
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Fia. 2 Taerze-RoiLes Exraxoiva Tool

that only eclastic stresses are produced, and the oversize of the
tube is under immediate control, the expanded joint on the other
hand necessitates plastic stresses, at least in the tube, and the
effcctive "“oversize™ produced is not wnder immediate control
In secking to understand how an effevtive oversize of the tube
is created by the expanding process, it may be helpful to consider
a strip of tube materinl coniined in a perfectly rigid frame, Fig.
3{a)}, and subjected to the action of a eingle roll. The material
under the roll, which is yiclding plastically, ten's to extend
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loncitudinally and laterally, It isabletoextend somewhzt longi-
tudinally by putting the remainder of the strip under clustic
compression.  If the roller is now removed, some of this compres-
sive siresa remains, the clement under the roll retaining some
permanent set. The rolling process may be imagined as the
repetition of this process en the different elements.
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Fig. 3 Discrau Smowine How Errzc‘nvz Overaizx or Tosz,la
CRreEATED BY EXPANDING

{a, Model o illustrate roll expandiag; b, model to illustrats uniform-
pressure expaading.)

When the strip, instead of being straight, is curved up into &
circle, retaining its rigid backing, we have the case of 2 tube in a
rigid plate. The residual longitudinal stress becomes a residual

circumferential stress requiring 2 residual radial pressure for °

equilibrium.
If, instead of the roll, we have a uniform pressure, Fig. 3(b).

only lateral, not longitudinal, extension is possible, and this condi-.

tion is unfavorable for the development of 2 longitudinal residual
stress, However, when the pressure is applied within a cireular
hole in a plate, it is possible to have permanent set created in a
ring zone surrounding the hole. If the whole plate is elastic
under the pressure, the radial and circumferential straing would
be equal in magnitude but opposite in sign at any point, and bath
decrease outward. If the pressure is increased, these strains
near the hole begin to exceed those elastically possible, and in the
zone where this occurs there will be permanent set.

In the actual rolling, the pressure on the rolla gradually in-
creases and the rolls make several circuits. From the first there-
fore an all-around pressure between tube and plate is being
gradually built up, in virtue of the all-round permanent expan-
sion of tke tube already established. At any stage there is
combined with this the local stresses ereated by the rolls wherever
they happen to be. These localized stresses are absent in uni-
form-pressure expanding. The diferences are well illustrated by
Figs. 4(a), (b) from a paper by Thum and Jantscha (10), showing

the patterns of slip lincs in tha two cases, In Fig. 4(b), owingto .

uniform pressure, oniy the well-known spiral svstem of slip lines
appears. In Fig. 4(a), due to a roll expander, similar slip lines
appear but accompanied by a narrow inner biackened zone, which
is evidently a ring succession of zones of localized contact stress
under a roll—the plastic zone of Fig. 3(a) repeated all around
the ring.

AxaLYsis oF Stnress DoriNG AxDp AFTER ExpaNDING

Some knowledge of the state of stress both during and after
expanding is cssential not only for an understanding of the ex-
panding process but also for the consideration of the plate under

-
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service stresses. The favorable cirrumstance that the strains
created in expanding are not or rather do not need to be large,
makes the problem an appropriate one for analysis by the mathe-
matical theory of plasticity, ignoring rise of stress beyond the
yicld point.  Typical physical charucteristies of tube and plate
materials and measurerments of the strains are given in the paper
of Grimison and Lee (19).

Only the results are given in this section.
fcund in the Appendix.

" It is necessary for reasons of mathematieal d:ﬂicu!ty to restrict
the calculations to joints made by uniform internal pressure, 23
in some of the testsof Jantscha (11). Jantscha found, however,
that the joints thus made were as good as his rolled joints. The
differences between the stresses produced by the two methods
have alrcady been discussed qualitatively.

The law of plastic low adopted is that of constant strain enerey
of shear (von Mises-Hencky hypothesis). The stress parallel to
the axis of the tube is taken as zero (plane stress). The other ex-
treme case, that of zero axial strain (plune strain), was also in-
vestigated, but the stress curves were not much different.t

Derivations will be
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Fig. 4 PATTERYS orF Suip Lixes 1v Expaxpen Trses

[a (upper) Caused by roller expander; b (lower) csused by umform
pressure. ]

Conditions are taken as uniform through the plate thickness.

We consider first the simplest case, where there is no clearance .
and tube and plate are of the same material. They can then be
treated as onec picce of metal, i.e., an infinite plate with a hole of
diameter equal to the inner tube diameter, When pressure is
applied to the inside of this hole, the stress distribution is at first
elastic, but p_l:;stic flow bewsins at the hole, when the pressure
reaches s/4/3, where % is the yicld stress in simple tension.  As
the pressure is increased heyond this, the plastic zone spreads out
from the hole, but under the assumption of plane stress, this does
not continue indefinitely.  When the radius of the plastic zone
has reached 1.75 titnes the rmdius of the hole, and the pressure the

* ¢ Plane strain, however, docs not set. a limit ta the pressure attaina-
ble in the hole, whereas in plane stress, this limit governs the maxi-
mum residunl pressure.
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sponding values 23//3 or 1.15 5, both cease to increase.
1y attempt to increase the pressure further is defeated, in the
alized material, by axial extrusion. It seems entirely probable
at a similar situstion exists for the actual material.
Records of tests by The Babeock & Wilcox Company on 3'/-in-
D tubes of thicknesses 0.17, 0.29, 0.43, 0.30 in. show that the
Ul scale on the plates popped to distances of 0.6, 0.6. 0.5, 0.6 in.
1e diameters of the plastic zone thus estimated to the inner
imeter of the tube are 1.33, 1.67, 1.78, ard 1.93 as compared
th the theoretical limit 1.73, ignoring clearance. In another
se, thickness 0.17 in., hardness measurements in the plate as
Al as scale-popping observations gave a value 1.63.
Returning to the theoretical problem, the curves of the radial
-es3 3, and the circumicrential stress s,, due to the limiting pres-
re can be calculated. They are shown in Figs. 5 and 6. In
. 5, the stress boyond the limit of the plastic zone is of elastic
-m, although of course it is not the elastic stress corresponding
-ectly to the pressure in the hole. ‘The broken line shows how it
»uld continue into the plastic zone. The actual plastic stress s,
the full curve below it and is practically a struight line.
In Fig. 6, the curve BJ shows the stress s, beyond the plastic
ae, continuing as B4 within the plastic zone. It will be seen
at, even during the application of the pressure, the circumfer-
tial stress is compressive in a ring of thickness 0.20 g, where a
the radius of the hole.
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Fr0. 5 RapiaL Stress Curves

In order to determine the residual stress remaining after the
essure in the hole has been removed, it is assumed that the
anges of stress and strain during decrease of pressure are purcly
wstic.  This is known to be characteristic of unloading in simple
asion, compression, and torsion (17), and the assumption that
is also valid for compound stress is invariably made in the
leulation of residual stress (18). We may then reeard unload-
g a3 the superposition of an vqual radial tensile stress in the
e, producing the elastic curves ADE in Fig. 3, FDE in Fiz, 6,
a2ese are tensile and compressive stresses, respectively, They
e, however, inverted in order to exhibit what stresses remain
aen they are superposed on the preecding stresses, The re-
ainders, shown by the intereepts in the shaded areas, are the
“idual stresses.  The maximum residual pudind stress 0213 3,

«oceurs at aradiusapprosimately Ldda. The cirrumferentiad
resd 8, i3 compressive up to L33 a with o maximum value 1.73 4
.thehole. ‘Thisvalue, however, exeeeds the plastie limit of 1,13

which governs both prinvipal stresses The values of the
siduul g, fur pdii up o about L1 e also exeeed this limit,

§ Heo Appendix

491

It would appear therefore that the process of unloading cannot
be a purcly linear one as we have supposed. As it proceeds, it
continuaily adds, near the bole, compressive ecircumferential
stress to a stress of the same nature which was induced on loading.
Elastic recovery may accur until the circumferential stress reaches
1.15 5o, but after that, the recovery becomes ineclastic. No at-
tempt is made in this paper to take account of such an inelastic
unloading precess, and the residual circumferential stress of 1.73 1
remains as a defect in the theory. In spite of this, reasonably
good agreement with test results is found. )

To find the residual pressure between tube and plate, we have
merely to take the intercept in Fig. § which occurs at an abscissa
corresponding to the outside of the tube. If the outer radius is b
the required abseissz is given by the value of b/¢ (¢ = 1.75 q).
We are assuming here that the expanding pressure is always the
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“limiting pressure 1,15 %, It i3 thus possible to determine the

residual pressures for a range of values of b/a.  Such values are
plotted in Fie, 7 (upper curve).

To examine the commonly hield view that the best joint is ob-
tained when the plate ix stressed only up to its dlastie limit, but
not beyond, we may start from the point 2 in Fie, 5, which repre
sents the limiting ciastie rmdial ateess. Whatever the tube thick-
nesy, the plastic curve will proceed from B as hefore,  We may,
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however, stop at any point G and take that as corresponding to
the inner tube radius,  Then the ordinate to G represents the
highest pressure to be used in expanding if the elastic limit of the
plite is not to be excecded. The clustic unloading curve GH
must then be drawn from G, and tlhe intercept HB now gives the
residunl pressure.  Apain, this can be determined for various

“ratios of tube outer and inder radii. These values also are
plotted in Fig. 7 (lower curve). They give much lower valucs
than those obtained previously by allowing the pressure in the
hole to reach the plastic limiting pressure, and the plastic zone to
extend into the plate.  Thus the view that the plastic zone, with
its own inner zone of residual compressive eircumferential stress,
acts to shield the tube from the elastic reaction of the plate, does
not justify the conclusion that the plastic zone should not extend
into the plate. The shiclding effcct is present, but by not stop-
ping when it begins we are able to go to a higher expanding pres-
sure which more than offsets the shiclding effect by producing a
general increase in stress.

The implicatirns of the theory as to overexpanding, i.e., the
decrease of residual pressure and holding power beyond an opti-
mum degree of expanding, may also be examined with the help of
Fig. 5. The point B in all cases represents the boundary of the

plastic zone, The corresponding radius ¢ is now taken to be-

within the plate. 'We can choose any point G on the plastic part
of the stress curve and take.it as corresponding to the inner
radius of the hole. Ve can thus obtain any ratio ¢/a, within
limits, corresponding to some degree of expanding (radius of the
plastic zone} and expanding pressure, less than the possible
maxima. We may then take an abscissa J between G and B, to
represent the outer radius of the tube, and read off the correspond-
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ing intercept at J between the curves GB and GH. The values
thus obtained are plotted in Fig. 5.  Each curve shows the varig-
tion of residual pressure with the extent ¢ of yivld in the plate,
for a definite ratio b/a of the two tube radii. It will be seen that
in all cases the residual pressure increases withe.

Thus the theory, as far as it has been carried, yiclds no clue to
the explanation of overexpanding. This negative result. however,
serves to direct our attention to the factors which the theary has
not taken into account. Of these the most suppestive is the
thinning of the tube wall during expanding.  1f we treat thisasa
simple reduction of b/a, we conclude from the upper curve in Fig.
7 that this will explain some reduction of residual pressure, but
only if b/a is less than about 1.4, For instance, in the case of a
31/,-in-0D tube, of 0.32-in. wall thickness, b/a = 1.21, and if the
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extrusion and, consequently, wall thinning is 15 per cent, the
value of b7a after expanding is about 1.21. The reduction of
residual pressure, from Fig. 7, is from 0.21 34 ta 0.19 3o, or 10 per
cent.

The initial clearance between tube and plate has so far been
ignored. It makes no difference. however, to the foregoing re-
sults, as far as the theory is concerncd.  When the expanding
begins, the tube expands with a plastic stress distribution (the
lowest curve in Fiz. 9) different from that of Fig. 5. When con-
tact is established, the pressure on the outer tube surface grows,
and the stress distribution progressively chanezes. But the curves
cannot nise beyond the curve of Fig. 3, and this is the final curve
just as without clearance. The tests of Oppenheimer, however,
showed a marked effcet of clearance (13).

AN
N

us,

>
-
"

4
1}

YIELD STAESS OF PLATE AS PEACENTAGE

2 .

o4 os aa o

az
- _RADIUY TO_uMy POIMT
QUTLDC RACIUS OF TUBE
.

F16.9 VariatioN ofF RabraL Steess Over TuickNess oF TUBE FOR
Liviming INTERNAL PREsSSURE, VaRtots ExTErNAL PRESSURES

In actual joints the yicld stresses of the tube and plate materials
are usually different. The effect of this will therefore be con-
sidered before numerical comparisons are made. :

Errecr oF DIFFERENT YIELD Po1xTs oF TUBE AxD PLATE

Plate Yield Potnt Higher Than That of Tube. In the case al-
ready considered, of identical yield points of plate and tube, the
best joint was obtained when the limiting pressure 1.15 s was
reached inside the tube. Since the radial stress due to the ap-
plied pressure invariably decreases along the outgoinyg radius, the
radial stress in the plate never reaches the limiting value 1.15 2,
except for a tube of infinitesimul thickness. For a tube of any

given thickness, there is a radial pressure, defined by the appro-

priate point on the plastic curve AGB of Fig. 5, which is required
on the outer tube surface. A plate of higher yield point is able to
supply this presswre equally well.  The stress distribution within
the plate will be different. It becomes wholly elustie if the yield
point of the plate is twice that of tube. But the plustic curve
within the tube material is still that of Fig. 5, and the residual
pressure is still found by the same construction—the intercept
between the plastic curve AGB and the clastie curve ADE at the

-value of rf¢ which corresponds to the outside of the tube, that is,

b/e. The s, however, which firures in the dimensionless ordi-
nates, is of course that of the tube, not thatof the plate.  Thetwo
will be distinguished by the subseripts ¢ and p, as so and Sap.
The residual pressures fur various values of b/e ure therefore
given by the upper curve of Fig. 7, the ordinates being values of
residual pressure divided by son

We have the conclusion then that no advantaze is gained by
using a harder plate, s compared with a plate as hard as the tube,
and this result is incorporated in Fie, 10, There, however, the
ardinates are residund pressures divided by sgp.  Sinee we are
considering increases of 8, the ordinates of the curve of Fig 7
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: be reduced in proportion. Thus we obtain the curves
‘1120, 140, 200 per cent. Thecurve marked 100 per cent
- same as that of Fig. 7. The percentages denote the ratio
‘ate yield point to tube yield point.
late Yield Point Lower Thun That of Tube. Itis necessnryas
eliminary to consider the plastic stress in a tube when the
-nal pressure has the limiting value 1.13 s, but the pressure
ae outside of the tube has any value. This problem offers no
rulty and is solved in Niidai's “Plasticity’”’(18).¢ Thesolution
presented by the curves of Fig. 9. Starting at the right-hand
of a curve, we begin with the preseribzd outside pressure.
.plasticity law and the conditions of equilibrium then deter-
2 the curve completely, and it terminates at a pressure of 1.15
ind at a radius depending upon the outside pressure chosen.
re is thus a lower limit to the inside radius. Any thicker tube
be in plastic equilibrium only for a lower external pressure.
lowest curve, for zero external pressure, has its inner ter-
us at r/b = 0.333. Thus if b/a cxceeds 1/0.333, or 2.98,
» plastic equilibrium throughout the tube is not possible. The
: will be elastic in an outside zone.
onsider now, as an example, a plate whose yield point is 60
cent of the tube yield point or 0.6 so. 1t3 limiting radial
sure i3 then G0 per cent of 1.13 sa, and this ordinate is marked
ercenton the rghe of Fig. 9. We may then follow the plastic
: curve which passes through this point and proceed inward
. value a/b of r’d corresponding to the inside oi the tube.
- atress reached on the curve is the highest internal pressure
*h can be applicd without exeeeding the limit set by the plate.
@ this point on the curve the clastic curve «an be drawn, and
residual pressure read off as the intereepe between it and the
‘ie curve at r, b = 1, This construction ean be earrind out
ferent values of @ D until the inner terminus of thie curve i3
hed. Results are plotted a3 the stemischt-line part of cueve
ked 60 per eent in Fig, 10, which stopsat b.g = L, ora b =
3, the abzets=a of the inner end of the 60 pee cent curve in Fie. 0.
or thicker tubes, the limiting stress of the 60 pee cent phiwe is
reached, and we have to gu to a lower curve, acespting a luwer

Fauntion Ll an n. 191 enntning an error. The corrected furin
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stress in the plate. We can retain the limiting stress 1.15 s, at
the inside of the tube. The situation is thus no longer governed
by the limiting stress of the plate, but by that of the tube. There
is consequently a change in the nature of the eurve for large b/a,
as appears in Fig. 10. The curve in fact continues in the same
way as Fig. 7.

The curves marked 30, 70, 80, and 87 per cent in Fig. 10 are
determined in the same way. The same construction is used for
the curves marked 43, 40, and 35 percent. These, however. show
bere residunl pressure below certain values of b/e. This feature
begins at 50 per cent. An elastic curve (for the infinite plate)
drawn through the right-hand point of the curve marked 50 per
cent in Fig. 9 has, at that point, its tangent in common with the
plastic curve, and, proceeding to the left, the elastic curve lies
above the plastic curve. For the lower plastic curves, hovwever,
the elastic curves drawn through their right-hand ends lie, for some
distance to the left, below the plastic curves. If we take a point
on one of these plastic curves, within this distance, to correspond
to the inner radius of the tube, the elastic curve drawn from this
point will lie above the plastic curve at r/b = 1. The intercept
will then pive o negative residual pressure, a tension, which would
exist if the tube adhered to the plate. It would thus indicate
zero pressure when there is no adhesion. Thus according to the
present theory, no joint can be made if the tube is much harder
than the plate, unless the tube is sufficiently thick.

Fig. 10 gives a complete account of the residual pressures ob-
tainable for the range 35 per cent to 200 per cent of s4,/s0,"and
the range 1 to 1.75 of b/a. b b

In order to exhibit more clearly the effect of varying the yield
point of the plate, values from these curves are plotted in Fig, 11
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in a different manner. The ordinates, residual pressure divided
by s, represent directly the residual pressure if so is kept con-
stant. The abscissas, sop/ser, correspond to chunging sop under.
the same condition. We have then one curve for each thickness
oi tube, It will be sven that increasing the yield point of the
plate has u very favorable effvet so long as 24,50 is below a certain
limit dependingupon b/a.  Itis, for instanee, 0.83 for b/a = 1.25.
~3ut any further increase in the yield point of the plate is without
vffvet on the residuad pressuree, althoush it will mezn a somewhat
Jdifferent seress diste:bution in the plate,  The reason for this is
of eourse that above this limit, the situntion is poverncd by the
limiring stress which the tube material ean bear, and the plate is
no longer ealled on for its limiting stress. “The conelusion may be
expresseal by saying that if the yield poine of the plate is sub-
stantialiy less than that of the tube, better results may betex-
pﬂ'h\l by u:.m;. EY h arder pl ite. This state of niTairy is the usual
Mccmalons] cmnevriinng are mude in Lhe text followinge,
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The results recorded in Fig. 10 are again replotted in Fig. 12, to
show the effect of chaneing the yiell point of the tube when that
of the plate is kept fixctl.  The ordinates then correspond to the
residual pressure, and the abscissas to the yield point of the tube,
and there is a curve for cach value of /2. The linear left-hand
parts, correspending to the softer tubes, are governed by the
limiting stress of the tube material The curved parts beyond
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the breaks are governed by the limiting stress of the plate ma-
terial, which there does not permit that of the tube materisl to
bereached. It will be seen that if the tube is substantially softer
than the plate, the residual pressure can be mised by using a
harder tube., But the use of a tube substantially harder than the
plate may result in a smaller pressure.

Tests have been made by The Babcock & Wilecox Company on
the holding power of soit tubes rolled in hard plates, and hard
tubes in soft plates. The details and results are as follows:

Tube hardness............100Bha 320 Bhn
Platehardness.......c.... 302 Bhn 107 Bhn
Initial alip......c.cconnvann 185001b 115001b
Ultimate load.............790001b 36000 1b

Tube, 3!/sin. OD; wall thickness 0.22 in,

No values of the yicld points are available, but the hard plate
would without doubt correspond to a point on the stmight part
of the appropriate curvein Fig. 11 (b/a =1.15). The residual pres-
sure would then be 0.138 sor.  When the hard material is used for
the tube, we would Lave to conclude fzom Fig. 10 that no joint is
possible if sop/50 is less than about 0.45. The theoretical curves
thus sugrest that the hard plate ~soft tube combination is very
muck better than the reverse, and this is in qualitative agreement
with the results for the Lolding power,

If we consider two materials, one having twice the yield point
of the otker, with b/a = 1.15, the hard plate - soft tube combina-
tion gives a rexidual pressure of 0,138 sgr o1 0.153 55 if 3o is the yicld
point of the softermaterial.  The hard tube - soft plate combina-
tion pives 0.074 s.  The advantapeis about 2 to 1 in favor of the
hard plate~soit tube combination.

~ CowmrarisoN Wit TesT REsorTs

Table I shows the res<idual pressures obiained by the preceding
theory for joints made and tested by Grimison and Lee (nmitting
one of alloy tubing showing no yidd paint). To illustrate the
determination of the theoretical value, consider Case 2. The
yivld stress of the plute material, from test, is 31,500 psi, that of

.cent, the same percentage defect as in Case 3 itself.

JCLY, 1943

TADLE 1 COMPARISON OF THUEORETICAL RESULTS WIT
MEASURED PRESSURES ON 34/-IN-OD TUBES [N PLATES l’.r'lli.‘?.’
THICK

Greatest Caleu-
Plate Tube measured Iated
Tube-wall yield yield ressdunl  residusl
Case thickness, stress  stress pressure, pressure,
na, in, b/a s, psi s pai 0, pai pai
1 0.17 1.12 3l 3000 0.39 SE00 2400
° 0.32 1.25 I dounn 0.0 8100 ]
3 a.32 1.25 2HHAIQ 35000 0.76 G600 5T
4 0.50 1.44 3!.'1[1_0 37800 Q.53 10100 9100
8 0.32 1.25 wery Lhigh 40000 exceels 8400 8160
0.83

the tube material 40,000 psi, so that s,,/3: = 0.79. The value
of b/ais 1.25. Using the corresponding curve of Fig. 11, we find
that the ordinate for the abscissa 0.79 is 0.18, so that the residual
pressure is 0.18 X 40,000 or 7200 psi.

With the exception of Case 1, the agreement with the test
values is satisfactory. The theoretical values are all on the low
side. This may be attributed to three causcs, i.e., the neglect
of the rise of the stress-strain curves beyord the yield point;
differences between roll- and uniiorm-pressure expanding; and
the assumption of plane stress. As to the latter, Grimison and
Lee (19) find evidence that the axial frictional stress between
tube and plate increascs the residual pressure, Such stress is
taken as zero in plane stress. There appears to be no evident
reason [or the large discrepaney of Case 1,

Prerolled Plates. The fact that in normal practice the tube has

" a considerably higher yicld point than the plate (e.g., 35,000 psi

as compared with 26,500), a difference which is increased by cold-
working, leaves room {or improvement by the use of a barder
plate. The original plate can, however, be conveniently hard-
ened, in the zone around the lLiole where hardness is required, by
expanding the undersized hole in the plate by means of an
ordinary expanding tool. This idea lLias been tested by The
Babeock & Wilcox Company and, in the results available to date,

c —
b—
a

o 2 —f

2
I

b e ™
- P(fz"'d.u“z) ’
1 ! fp2bdz
- l | TP
Ag,
(b)

F1a. 13 Expraxpep Jurxt Uxper Prre-Ovr Furce

a maximum residual pressure of 5200 psi was found for 3'/.-in-
0D tubes 0.32 in. thick. The maximum found for ordinary
plates was 6400 psi, this being Case 3 of Table 1. The appro-
priate curve in Fiz. 11, that for b7 = 1.23, shows that the use of
plates such that sap/se > 0.83, which enrrespond to the fiat pare
of the curve, ean raise the pressure to 0.203 sor, or, sinee s =.
33,000, to 7300. This falls short of the test value $200 by 12 per
It thus
seems very probable that all the improvement available by using
harder plates can be secured by prerolling.

The initial lincar form of the curves of Fig.'10 for the lawer



GOODIER, SCHOFSSOW—EXPANDED TUBE JOINTS

"ies of b/a is in arreement with conclusions from tests by Junt-
.{11) and Ries {13). :

CaLrcoratioN oF Frictiavar Horprxg Powen

To calculate the frictional holding power the tube is treated as -

ted into a plate, with an external radius ¢ and hole radius b,
ith o uniform pressure pe at the common surfice. The outer
ameter is regarded as finite to correspond with test specimens.
2nsion being appiied to one end of thiy eylinder will tend to
duce its diameter and so partially relax, in an axially non-
iiform manner, the original fit pressure ps. Let the actual
‘essure between tube and plate be p, a function of z (Fig. 13),
fien a pull P is applied to the tube. The corresponding axial
ress in the tube o4, also a function of 2, is'taken as uniform over
e thickness of the tube. Vertical equilibrium of the element
the tube shown in Fig. 13(b) gives

Ada,
-Et_—+2zbf?-0””.““ ....... ..[1]

aere 4 = x(b? — a%), the cross-sectional area of the tube, and
the coefficient of friction.

On application of the pull-out force P, the pressure p, is reduced
the height z by ps— p. This permits a decrease of the radius
the hole in the plaie by the amount

e o
&,-@r—ﬂé<&éﬁ+-) ......... [2]

1ere E is Young's modulus and » Poisson’s ratio. ‘This formula
taken from the thick-cylinder theory, for conditions uniform
1g the axis. It can also be established for linear variation of
i3 along the axis, provided certain shearing stresses on the
be ends are accepted. The variations ultimately found in the
‘esent case are nearly linear.
The reduction of the pressure by (ps — p) permits an increase
external radius of the tube of

b (b2 4at
@—7r) (b’-—-a‘

1t the tensile stress o, involves ¢ decrease of vo,5/E. Equating
e net decrease to the deerease of radius of the plate hole Equa-
m [2], we obtained an equatior which reduces to
2b%(c* — a?)
l'.-(pg p),(c!—b’)(b‘—c;’)'"“".

—Jm""m"Jm

uations [1] and [4] serve to determine o, and p as functions of

Eliminating «, we find :

D . . ot — B2

‘ ;—afp f-Ot\her-:aﬂr;&z—__-a—:)

that p = C*2, Then Equation [4] gives
. 5
e = - {m— Cel)

zml s m0andatz = 0, de, = P, .

The first of these conditions gives € = pee~*Tand the second
en

> gain sume idea of the variaiions involved, econsider the case
=b.c =™ @, Then

ot — bt

I Y )

afl JU = of
The valuc of » will be about 0.3. The value of f will probably be
between 0.3 and 1. Tuking the lutter value so as to get the most
extreme variations of p with z, and P with {, we have aff = 0.3,
The corresponding variation of p with z is sensibly linear. It
would be practiczlly linear for considerably longer joints.

Considering variaticns of [, keeping f = 1 and » = 0.3, the varia-
tion of P with !is found to be linear over the range of practical
values of I/b. This agrees with the test results of Ries and Sicbel
(12, 13, 14).

The case of a push-out test may be obtained from Equations
[5] and [6] by reversing the signs of fand P. The results may be
written :

225
P-miwﬂ—nmm. ..... 4|
po=pefU=9 . teerean. .18]

where P is the push-out force and 3 = »(c? — 4%)/b(c* — a2).

}&ppendix

Tae Prasticrry ProBLEM

The theoretical results obtained have been based or: the plastic-
elastic stress curves of Figs. 5 and 6, for pressure applied within a
hole in an infinite plate, and the plastic stress eurves of F ig. 9.

The equations for the plastic parts of all these curves have o
common derivation (A. Nadai, “Plasticity,” Chap. 28).7 Thelaw
of plastic flow adopted, that of von Mises and Hencky, is in the
general ease of three principal stresses g, 8, 3.

(80—} + (8 — 5)2 +_ (53— 3)? = 29,2

where 3, is the yield stress in simple tension. In the present proh-
lem we have the principal stresses s,, &, radially and tangentiaily,
in the plane of the piate, and the third principal stress is taken, as
zero. ‘The plasticicy condition then reduces to

. &3 —a 2t 4 52 -30’..........;......[9]

The curve showing this relation between s, and s, is an ellipse.
The use of an eccentric angle d of this ellipse as a parameter, by
which the stresses sare expressed as

2% . T 25 r
- —— §—-1, - e al -
s, V3 sin ( 5) 8t 73 sin (a + 6) (10]
leaves the plasticity condition automatically satisfied. Both a,

L) ]
+* - - J - -
and s, are limited to lie between = V—%or =113 5o, and thisis the

limiting radisl stress {requently referred to in the paper,
The equation of equilibrium is

ds,
rdr + 8§ w= 0
Using the variables
s, + & . &~ 8
- - g din 8, L S .. it
’ 2 g & 2 7 cos 9. . [L1}]

this equation is transformed into

dinfo_t
rdr sin p = 038

1 Rel. (18), Chap. 23, p. 183,
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aml the integral of this is
T
88CH. uuennnnn.. vee e [12]
where 4 is the arbitrary constant. It is determined 2s soon as
the struss s, is given at some value of r.  Far the corresponding
value of 0 can thea be found from Equation [10], and substitution
in Equation {12] then gives 4.
Curves which yield the solution of all the special problems may

r! = Al

be obtained by plotting i- against ¢ from Equation [12], and s,

and & agninst @ from Equation [10]. Fig. 14 shows these curves
over, the raage required in the problems of the paper. For a

- 2s
special case, as forinstance s, = —0.5 ?; atr = b, we have — sin

( —3') = 0.6atr = b oratr/4d = b/4. Pickingout the point

on the curve of &, \/3/2s, which has the ordinate 0.6, we find that

' P
N T\QK\ . B /I .
| ~N | L

M [ — 1 ~N
mEZERNEI}
BB

S -3 =t e -l o

L

it corresponds (for the same 8) to r/4d = 0.9, Thus /4 = 0.9
and 4 = 1,115. The curve of s, V3 /2s; versus r/4 can now be
converted into the curve of s,/3 versus r/b, which appears in Fig.
9.

The problem of the infinite plate, with its elastic exterior zone,
is solved by observing that since in the elastie zone the stresses s,
and 3, are equal in magmitude, thourh opposite in sim, the plas-
ticity condition is satisfied at a boundary r = ¢ between the elastic
and plastic zones if, from Equation [9] with 5; = —j3,, 35,° = 32
ors = =g//3. I we then solve the plasticity problem as
outlined with the boundary condition s, = —s/+/Jatr = ¢,

“the curve of s,/5 can be plotted against r/c.  This yields the s,
curve of Fig. 5, AGB, with abscissas r/c. The curve terminates

-0

[:
\ :
N/
/\
e

:

\.
\

B
~

lm'[u Y ame

_Fra. 14 Srrcar-Prosiry Cuavza

at A, with the limiting stross 1.15 8o at r/c = 0.367. Thus the
plate can only be made to yicld as far os e/a = 1/0.567 = 1.75.
Any value of the ratio a/e lurger than 0.567 corresponds to the
choice of a point between A and B for the hiole and the pressure
required to eause vield to the corresponding extent, ¢ — g, is
given by the ordinate.
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